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Majorana bound states appearing in 1-D p-wave superconductor (PWS) are found to result in exotic quantum
holonomy of both eigenvalues and the eigenstates. Induced by a degeneracy hidden in complex Bloch vector
space, Majorana states are identified with a pair of exceptional point (EP) singularities. Characterized by
a collapse of the vector space, these singularities are defects in Hilbert space that lead to Mo¨bius strip-like
structure of the eigenspace and singular quantum metric. The topological phase transition in the language of
EP is marked by one of the two exception point singularity degenerating to a degeneracy point with non singular
quantum metric. This may provide an elegant and useful framework to characterize the topological aspect of
Majorana fermions and the topological phase transition.
PACS numbers: 03.75.Ss,03.75.Mn,42.50.Lc,73.43.Nq
Introduction:- Presently, Majorana fermions occupy a cen-
tral place in many vibrant frontiers of modern physics. These
include neutrino physics, supersymmetry, dark matter, and
superconductivity which offer possibilities where Majorana
Fermions may be found[1]. Following a pioneering work
by Kitaev [2], the one-dimensional p-wave superconducting
quantum wire has emerged as an ideal system for theoret-
ical [3–6] and experimental [7–9] exploration of Majorana
Fermions. Existence of a zero energy Majorana bound state
protected by a gap appearing for an open chain boundary (
OBC) and which disappears for periodic boundary condition
(PBC) was shown to be a hallmark of this topologically non-
trivial phase which was characterized by a Z2-index [2].
In this Letter, we lay down an independent route for iden-
tifying the presence of Majorana bound states in terms of
exceptional points (EP) [10–13]. It is shown that degener-
ate zero energy sub-gap states, which can be identified with
the Majorana bound states, appear for the case of PBC pro-
vided one extends the Hilbert space to include complex val-
ued Bloch wave vectors (call it k = kr + i ki where kr, ki ∈
R) leading to non-Hermitian Hamiltonian description of the
system. The zero energy eigenstates of this non-Hermitian
Hamiltonian embedded in the kr−ki plane are shown to have
square root singularity, encircling which once results in swap-
ping of eigenvectors and encircling twice results in the eigen-
vectors acquiring a nontrivial phase factor.[14]
In contrast to the Berry phase which is an anholonomy in
the eigenvector space, the non-Hermitian anholonomy can ex-
ist both in the eigenvalue and in the eigenvector space, exhibit-
ing branch point singularity in the complex k-plane. Such
phenomena are popularly referred to as the exotic quantum
holonomy [15].
Seminal work by Bender [16, 17] had set a stage for the im-
portance of non-Hermitian systems as it was argued that the
complex domain being huge compared to the real domain and
thus opens new possibilities such as new types of unitary evo-
lutions. In a different analysis, analytic continuation of the en-
ergy in complex plane provided new insight about topological
edge modes in quantum Hall systems [18]. Following a sim-
ilar line of thought we establish a direct connection between
the EP and the Majorana fermions.
The letter is organized in the following fashion: (a) we
first show that there are two pairs of zero energy solutions
when the Hamiltonian is written in complex k-basis. Of these
we identify the pair which faithfully represents the Majorana
zero modes, (b) we then expand the Hamiltonian around the
these zero energy solution to establish them as EP , (c) next,
we characterize the zero energy solutions in terms of its Berry
phase and quantum geometry which reveal complementary
information regarding the EPs, (d) finally we show that the
quantum phase transition in the model is characterized by
disappearance of one of the EP from the pair exactly at
the transition point. Finally we also propose a topological
quantum number which is expressed in terms of EPs and
provides the count of Majoranas in the topological phase.
Hamiltonian and its Jordan form at zero energy solutions:-
We begin with Kitaev’s Hamiltonian for the 1-D PWS given
by
H =
∑ w
2
c†n+1cn+∆ c
†
n+1c
†
n+c.c.+µ (c
†
ncn−1/2) . (1)
Here w is the nearest-neighbor hopping amplitude, ∆ =
|∆| exp (iθ) the superconducting gap function, and µ the on-
site chemical potential. From here on we we will express |∆|
and µ in units of w, i.e, set w = 1. A quantum phase transi-
tion occurs as one tunes the chemical potential µ from µ > 1
(topologically trivial) to µ < 1 (topological nontrivial) with
µ = 1 being the point of transition [2]. In the Bogoliubov
basis, the system reduces to a collection of 2-level systems for
the case PBC given by,
H(k) = (cos k − µ)σy − |∆| sin k σx , (2)
Where σx and σy are the Pauli matrices. The energy spectrum,
labeled by the Bloch index k is given by,
E±k = ±
√
(µ− cos k)2 + |∆|2 sin2 k . (3)
2The energy spectrum of the system is in general gaped that
vanishes at a critical value, µc = 1. Kitaev has shown that for
µ < 1 the system has a two fold degenerate manybody ground
state or no degeneracy depending upon if we impose OBC or
PBC hence establishing it as a topological phase. He also
showed that the degeneracy is directly related to appearance
of Majorana mode at each of the two ends of the 1-D PWS
with OBC. In this letter we show an independent route to this
topological degeneracy within the PBC by extending the k-
space to include complex eigenvalues though this renders the
H(k) non-Hermitian.
In this approach the degeneracy appears purely in the com-
plex k-plane. To analyze these degeneracies further lets us
rewrite Eq.(2) in an explicit non-Hermitian matrix form
H(k) =
(
0 Ak
Bk 0
)
, (4)
whereAk = −ak+ ibk, Bk = −ak− ibk and ak = |∆| sin k,
bk = µ − cos k are complex quantities when k is complex.
From here on we will assume ∆ to be real without loss of gen-
erality as the phase θ does not have any physical consequence.
The eigenvalues of H(k) are given by E±k = ±
√
Ak
√
Bk
and the zero energy solution corresponds to either Ak = 0 or
Bk = 0. One can immediately see from Eq.(4) that the H(k)
for the zero energy sector either takes the 2 × 2 Jordan nor-
mal form [19] for Bk = 0, Ak 6= 0 or a matrix which can be
reduced to the 2× 2 Jordan normal form by a similarity trans-
formation for Ak = 0, Bk 6= 0. The solutions corresponding
to Ak = 0 and Bk = 0 in the complex k ≡ k0 = kr + iki are
given by
ei k
±,A
0 =
µ±
√
µ2 − (1− |∆|2)
1− |∆| , (5)
ei k
±,B
0 =
µ±
√
µ2 − (1− |∆|2)
1 + |∆| . (6)
We note that these two solutions are connected by the re-
lation ei k
±,A
0 ei k
±,B
0 =1. The crucial physical insight which
helps us to choose one of these two pairs of solutions as a true
representative for the Majorana state appearing in the original
problem discussed by Kitaev [2] lies in the fact that the Majo-
rana solution found by Kitaev localizes at the boundary from
being delocalized as one enters the topological phase. In the
context of our approach involving complex k, this amounts
to having imaginary part of momenta to be positive definite
in the topological phase. It is straight forward to check that
only Bk = 0 solution satisfy this condition for the physically
relevant part of the parameter space given by positive values
of the chemical potential µ ≥ 0 in the topological window
1 > µ ≥ 0. We have presented a summary of this fact in Ta-
ble I. Since our aim is to estimable that Majorana zero modes
in Kitaev’s model can be identified with EPs in the complex
k plane, hence we will focus only on Bk = 0 solutions for the
rest of the paper. [20].
Note that the Jordan form corresponds to matrices which
are tridiagonal and they can not be diagonalized by similarity
k
A+
0 k
A−
0 k
B+
0 k
B−
0
−i ln 1+|∆|
1−|∆|
−i ǫ
|∆|
i ǫ
|∆|
i ln 1+|∆|
1−|∆|
TABLE I. Here we have tabulated a small ǫ expansion (µ = 1 −
ǫ) for two pairs of zero energy momenta corresponding to Ak =
0, Bk 6= 0 and Ak 6= 0, Bk = 0 up to leading order in ǫ. The
table clearly show that Bk = 0(Ak = 0) momenta undergoes a
localization (delocalization) transition as µ cross unity starting from
the µ > 1 side.
transformations. The 2 × 2 Jordan block has two degenerate
eigenvalues but its eigenstates collapse to a single state and
hence do not span a two-dimensional space. Therefore, in
the manifold of eigenstates parametrized by complex valued
k, k = k±0 represents a topological defect as the collapsed
eigenspace corresponding to k±0 can not be continuously de-
formed to the two-dimensional eigenspace corresponding to
rest of the values of k. These topological defects manifest
themselves as square-root singularities as we expand eigen-
vector and eigenvalue of H(k) about k±0 leading to a Mo¨bius
strip like topology. Such singularities are popularly referred
to as exceptional point (EP) [10, 21] or non-Hermitian degen-
eracies [13, 22, 23].
Eigenbasis for Kitaev’s Hamiltonian at the EPs:- Eigenstates
spanning the Hilbert space of non-Hermitian H(k) as in
Eq.(4) are the bi-orthogonal vectors given by
| R,± 〉 = 1/
√
2
(
±
√
Ak/Bk, 1
)
, (7)
where the respective dual vectors are defined as
〈 L,± | = 1/
√
2
(
±
√
Bk/Ak, 1
)
, (8)
corresponding to E±k . Here L,R refer to left and right eigen-
vectors. These vectors satisfy the bi-orthonormalization rela-
tion [24, 25]
〈 L,± | R,± 〉 = 1 ; 〈 L,± | R,∓ 〉 = 0 . (9)
Though such a normalization procedure works very well for
non-Hermitian Hamiltonian in general but it runs into trou-
ble at the exceptional point due to the nontrivial topology
associated with the EP . We note that, up to overall nor-
malization and phases, for Bk = 0, | R,± 〉 = (1, 0) and
〈 L,± | = (0, 1). Hence tuning to the degeneracy point re-
sults in the collapse of two-dimensional Hilbert space to a
one-dimensional space as | R,+ 〉 and | R,− 〉 become paral-
lel to each other at this point. This is nothing but a manifes-
tation of the non-diagonalizability of H(k) at the exceptional
point. Also note that now the dual vectors at EP has become
mutually orthogonal, i.e. 〈 L,± | R,± 〉 = 0 and they no
more comply to the normalization defined in Eq.(9).
To study the behavior of the wavefunction in the vicinity of
the exceptional point, we need to perform a systematic per-
turbative expansion which allows for an expansion of H(k)
around the EP . The first hurdle in this direction is to iden-
tify the eigenvectors of the unperturbed Hamiltonian, i.e. the
3Hamiltonian at the EP which serve as a natural basis for per-
forming the perturbation theory. Due to the collapse to the
Hilbert at EP we have to first engineer a consistent way of re-
constructing a two-dimensional Hilbert space around the EP .
The Bk = 0 degeneracy condition leads to a pair of EP at
k = k±0 where we will further focus only on k = k
+
0 (call it k0
henceforth) as the perturbation theory around both EPs have
the same analytic form. For simplifying notation we rename
〈 L,± | and | R,± 〉 at k = k+0 as 〈 L, EP | and | R, EP 〉.
Note that the ± sign is redundant owing to the collapse of
Hilbert space at the EP . Following Ref. [25] an associated
Jordan vector (call it | R(a), EP 〉) is identified which essen-
tially facilitates a systematic perturbative expansion around
EP . Now a two-dimensional space can be identified which is
spanned by the following two linearly independent vectors,
| R, EP 〉 = (1, 0) , | R(a), EP 〉 = (−1/2ak0)(0, 1) . (10)
The corresponding duals can be identified as,
〈 L, EP | = (−2ak0)(0, 1) , 〈 L(a), EP | = (1, 0) , (11)
which are subjected to the new set of orthonormalization con-
dition
〈 L, EP | R(a), EP 〉 = 1 , 〈 L(a), EP | R, EP 〉 = 1
〈 L, EP | R, EP 〉 = 0 , 〈 L(a), EP | R(a), EP 〉 = 0.
Note that these orthogonality and normalization conditions
are distinct from that defined in Eq.(9) which are valid for
a general diagonalizable non-Hermitian 2× 2 Hamiltonian.
Expansion of Kitaev’s Hamiltonian around EPs:- A system-
atic expansion of H(k) around the EP to leading order in
k−k0 which confirms to a formH(k) = H(k0)+H ′ (k−k0)
is given by
H(k) = −2ak0
(
0 0
1 0
)
+
(
0 A′k
B′b 0
)
(k − k0) , (12)
where A′k = −µ∆ + i(1 + ∆2) sin k0, B′k = −µ∆ − i(1 −
∆2) sin k0 are first derivatives of Ak, Bk at k = k0. Note that
the leading correction H ′ to the non-diagonalizable Hamil-
tonian at EP is a diagonalizable matrix. The leading order
expansion of eigenstates and eigenvalues in k − k0 consis-
tent with the Schro¨dinger equation for the form of H(k) as in
Eq.(12) is given by
| ±, θ 〉 = 1
N
{| R, EP 〉+ ζ±
√
r | R(a), EP 〉 ei θ2 } ,(13)
E±(θ) = ± ζ
√
r ei
θ
2 , (14)
where k − k0 = reiθ , ζ± = ±
√
〈 L, EP | H ′| R, EP 〉 =√
−2∆ sink0(−µ∆− i(1−∆2) sin k0) and the normaliza-
tion is given by N =
√
2ζ±
√
rei
θ
4
. The dual vectors corre-
sponding to | ± 〉 are identified as
〈 ± | = N−1{〈 L, EP |+ ζ±
√
r 〈 L(a), EP | ei θ2 } , (15)
which satisfy the orthonormalization condition,
〈 ± | ± 〉 = 1 , 〈 ± | ∓ 〉 = 0 , (16)
hence indicating that once we are away from the EP the stan-
dard formulation of normalization condition of bi-orthogonal
vectors given in Eq.(9) holds. The over line of dual vectors
is chosen to emphasize the fact that these are not the same
as | ± 〉†. This expansion sets the stage for evaluating Berry
phase and quantum geometric tensor around EP .
Berry phase around the EPs:- We note that the eigenvalues
exchange themselves (E±(θ) → E∓(θ)) as we go once
around the EP , i.e. θ → θ + 2pi and they return to them-
selves as we go around twice (θ → θ+4pi). The branch point
geometry of energy associated with these non-Hermitian de-
generacies are to be contrasted with that of Diabolic geometry
[26] [27] Also, the eigenvectors exchange themselves up to
phase | ±, θ 〉 → −i| ∓, θ 〉 as θ → θ+2pi. One going around
twice, the states return to themselves | ±, θ 〉 → − | ±, θ 〉
except for the negative sign.
This negative sign represents a topological phase of pi
which is considered as an hallmark of an exceptional point
[15] confirming a Mo¨bius strip-like topology. Base on above
analysis we conclude that zero energy states can be identified
with a pair of EP .
Quantum geometric characterization of EP:- Hilbert space of
a non-Hermitian Hamiltonian has a local gauge freedom
given by | ψ(xi) 〉 → eiα(xi)| ψ(xi) 〉, 〈 ψ(xi) | →
e−iα(xi) 〈 ψ(xi) | where xi represents local coordinates in
the space of parameters parametrizing the Hamiltonian and
〈 ψ(xi) | ( 6= (| ψ(xi) 〉)†) is the dual of | ψ(xi) 〉 which can
be expanded in an appropriate bi-orthogonal basis. Now we
can define a gauge invariant derivative of | ψ(xi) 〉 which
transforms covariantly under the gauge transformation given
by | Diψ 〉 = | ∂iψ 〉 + | ψ 〉 〈 ψ | ∂iψ 〉 and a dual de-
fined similarly denoted by 〈 Diψ |. This construction helps
us define a gauge covariant second rank tensor which can be
expressed as a sum of symmetric and a anti-symmetric part
given by 〈 Diψ | Djψ 〉 = (1/2)(gij + iVij) which is analog
to the corresponding formulation for the Hermitian case [28].
Here the anti-symmetric part Vij represents the Berry curva-
ture for the non-Hermitian case leading to the analog of the
Berry phase which has both a real part (similar to Hermitian
case) and an imaginary parts (corresponding to geometric dis-
sipation which is non existent of Hermitian case) [24]. The
symmetric part defines a metric tensor which defines a notion
of geometric distance between various states in the Hilbert
space of the non-Hermitian Hamiltonian given by
gij =
1
2
{ 〈 ∂iψ |∂jψ 〉 − 〈 ∂iψ |ψ 〉〈 ψ |∂jψ 〉+ i↔ j } .
(17)
To evaluate gij in the neighborhood of EP we prefer to
use the Cartesian coordinate corresponding to k − k0 =
k1 + i k2 and we reparamatrized | ±, θ 〉 as | ±, (k1, k2) 〉.
It is straightforward to show that ∂k1 | ±, (k1, k2) 〉 =
−{1/4(k− k0)}| ∓, (k1, k2) 〉 and ∂k2 | ±, (k1, k2) 〉 =
4−{i/4(k− k0)}| ∓, (k1, k2) 〉 which implies that the second
term in the expression of gij is identically zero while the first
term leads to gij ∝ 1/(k − k0)2. This singular behavior of
the quantum metric in the neighborhood of the EP is again a
hallmark of the EP [25].
Collapse of EP at the transition point:- Now we turn to the
issue of the of phase transition. At the transition point µ = 1
[2], the two zero energy solutions appear at k+0 = 0 and
k−0 = i log{(1+∆)/(1−∆)} (from Eq.(6)). Using Eq.(14) it
is straight forward to check that k−0 indeed corresponds to an
exceptional point. On the other hand at k+0 = 0, we note that
ak0 = ∆sink
+
0 = 0 which leads to vanishing of the coeffi-
cient of the Jordan block itself in Eq.(12). Hence the excep-
tional point corresponding to k+0 vanishes exactly at µ = 1.
To understand what physics takes over the EP corresponding
to k = k+0 at µ = 1, we perform an expansion ofH(k) around
this point to leading order in k − k+0 which gives
H(k) ≈ −∆σx(k − k+0 ) . (18)
Therefore, the critical point is described by a 1-D Dirac type
Hamiltonian representing a perfect level crossing at k = k+0
and hence is distinct from the EP Hamiltonian of Jordan
normal form. It is straight forward to check that the quantum
metric has no singularities at k = k+0 unlike an EP .
To conclude, in the space of complex-k the quantum phase
transition is marked by the conversion of one of the two EPs
to trivial degeneracy and then back to EP as we cross the
transition. Degeneration of a pair of EP into one exceptional
and one trivial degeneracy at the critical point of the topologi-
cal phase transition unveils a new scenario quite distinct from
popularly observed bifurcation of a Diabolic point into two
EPs associated with gap closing discussed in earlier studies
[11]. This characterization of topological phase transition is
one of the key results of our paper.
Majorana count in terms of EP:- From Eq.(6), for µ > 1 we
have Im(k+0 ) < 0, Im(k
−
0 ) > 0 and for 0 ≤ µ < 1 we have
Im(k+0 ) > 0, Im(k
−
0 ) > 0 and Im(k−0 ) = 0 at µ = 1. Here
ℑm represents imaginary part. Hence sgn{Im(k+0 )} (sgn is
signum function) define a Z2 valued quantum number which
changes from −1 to +1 across the transition. And the count
of Majorana fermion pairs in our formulation is simply given
by (1/2)[sgn{Im(k+0 )} + sgn{Im(k−0 )}] which is zero for
µ > 1 (non-topological phase) and is one for 0 ≤ µ < 1.
Conclusion and discussions:- In this letter we have looked for
an alternative route for obtaining confirmatory signatures of
topological boundary states without breaking the translational
invariance by posing a boundary. We accomplished it by
extending the Bloch momentum to complex planes and then
looking for bound states solutions. We have successfully
applied this idea to the 1-D p-wave superconductor and
established a new topological descriptions of Majorana bound
state in terms exceptional point. The natural question which
comes next is; how general is this approach? Actually such
an approach also works for two dimensional topologically
nontrivial states of matter like the quantum Hall effect[18])
but unlike our case they did not have a exceptional point like
topology. Also, recent study of graphene [29] has used this
approach and shown the existence of EPs but they are not
connected to Majorana.
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